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Abstract

Precipitable water vapor (PWYV) reflects the vertically integrated amount of water vapor in the atmosphere, but it only
represents the two-dimensional distribution of water vapor. With the development of GNSS satellite constellation and sta-
tion network, GNSS water vapor tomography has emerged as a prominent technique for obtaining the three-dimensional
water vapor distribution and become a hotspot in GNSS meteorology. We propose an optimal method for GNSS water
vapor tomography based on parameter adaptation to solve the ill-posed problem caused by the discretization parameter
redundancy in the tomographic model. This method introduces the minimum probability factor of voxels being penetrated
by signals, determines the number and position of the redundant parameters in the observation equation by iterating the
coefficient matrix, establishes the optimal tomographic model by eliminating the zero elements of the coefficient matrix
and the redundant parameters, and calculates the water vapor density of all voxels by constructing a Laplace smoothing
equation. The tomography experiments conducted in Hong Kong show that the average root mean square error (RMSE)
and mean absolute error (MAE) for the proposed and traditional method are 1.25/0.70 and 1.83/0.92 mm in the internal
accurate testing, respectively, compared to the GAMIT-estimated slant water vapor (SWV) as a reference. The average
RMSE and normalized RMSE are 10.9 mm and 8.2% for the proposed method, while these values are 13.2 mm and 10%
for the traditional method. Using the radiosonde data as references, the proposed method improves average RMSE and
MAE by 20.4% and 25.3% compared with the traditional method.
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Introduction

Water vapor is the predominant greenhouse gas in the Earth’s
atmosphere, crucial for maintaining a temperature environ-
ment conducive to supporting life and playing an important
role in global warming (Yao et al. 2017a; Sun et al. 2023).
Its distribution and dynamics exert a substantial influence
on climate and weather change. Meanwhile, water vapor
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has a delayed effect on the propagation of electromagnetic
waves through the atmosphere, making it one of the main
error sources for satellite-based Earth observations. There-
fore, the precise monitoring of water vapor, characterized
by high temporal and spatial resolutions, has consistently
remained a central objective within the field of meteorology
(Zhao et al. 2022; Huang et al. 2022).

With the development of the Global Navigation Satel-
lite System (GNSS) and its continuous expansion in related
fields, the spatiotemporal distribution of water vapor can be
inverted through the use of a tomographic technique, uti-
lizing densely distributed GNSS sites. This concept was
first proposed by Braun et al. (1999) and then was real-
ized by Flores et al. (2000). GNSS water vapor tomogra-
phy has become a promising technique to achieve the water
vapor information, offering several advantages such as all-
weather, continuous operation, high spatiotemporal resolu-
tion (Yang et al. 2023a). In GNSS water vapor tomography,
the study region covered by ground GNSS receivers should
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be discretized into finite cubic closed voxels according to
longitude, latitude and altitude. Within each voxel and spe-
cific time period the estimated parameter like wet refractiv-
ity is assumed to be constant. The observations for water
vapor tomography are the slant water vapor (SWV) derived
from the GNSS data, which is the precipitable water in the
direction of the signal ray path.

Due to the limited distribution of GNSS sites and the
fixed structure of the satellite constellation, the geometric
distribution of the observed signals utilized in the GNSS
water vapor tomography is an inverted cone, which creates
a spatial geometric mismatch with the box shaped tomo-
graphic area. This results in a large number of voxels in the
water vapor tomographic model that cannot be penetrated
by satellite signals or are only passed through by a very
small number of signals. Furthermore, a substantial propor-
tion of elements in the coefficient matrix of the water vapor
tomographic model become zero, potentially leading to the
formation of a sparse matrix. This phenomenon is com-
monly referred to as the ill-posed problem in GNSS water
vapor tomography, which constitutes the central focus of
current research efforts. Various scholars have investigated
the ill-posed problem in GNSS water vapor tomography,
proposing several approaches that can be categorized into
four main types:

(1) Expanding GNSS observations. Fan et al. (2021)
explored the dynamic changes of the tomographic top
layer and constructed a vertical non-uniform stratification
method; Yao et al. (2017b) proposed the non-uniform sym-
metrical division of horizontal voxels; Trzcina et al. (2019)
and Sa et al. (2021) adopted a voxel buffer around each side
of the three-dimensional grid. The above methods enable
more signals to pass through the top of the tomographic
region, expanding the number of GNSS observations that
can be used for tomographic modeling. However, they may
have limitations in terms of specific tomographic regions
and time periods, resulting in limited applicability. On the
other hand, Adavi et al. (2014) introduced the virtual GNSS
sites to increase the number of signals at specific location-
sYang et al. (2018); Zhang et al. (2021a, b) utilized the ray
tracing and HGOT to construct the virtual GNSS observa-
tions, respectively; Zhao et al. 2017; Zhang et al. 2020a)
incorporated the GNSS signals penetrating from the side
face into the tomographic model based on the unit factor
of water vapor and height factor model, respectively; Zhao
et al. (2021) extended the observations from the GNSS
sites outside the tomographic region to the tomographic
model using the truncation factor model and GPT2w model,
respectively. The above methods increase the number of
various GNSS observations, but they all rely on external
data or models.
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(2) Integrating other types of observations, such as data
from COSMIC occultation (Ye et al. 2016), GNSS-R (Sha-
fei et al., 2020), InSAR (Benevides et al. 2016; Heublein
et al. 2019), numerical weather prediction (Trzcina et al.,
2019), WRF model (Haji-Aghajany et al. 2020), meteoro-
logical reanalysis (Yang et al. 2023b), FengYun and MODIS
(Zhang et al. 2021a, b). Multi-source observations as men-
tioned above could improve the ill-posed problem, but their
spatiotemporal resolution, availability, and matching with
the tomographic region also restrict the construction of the
fusion model.

(3) Introducing optimal algorithms. The singular value
decomposition, damped least squares and Tikhonov regu-
larization was adopted based on the traditional least squares
(Adavietal.,2014; Benevides etal. 2016; Shafei etal., 2020),
but the fluctuation of small singular values, the change of
the damping and the selection of regularization parameters
in these methods become the key factors affecting the water
vapor tomography. Based on the assumption that the water
vapor of the voxel satisfies a Gauss Markov random walk
in a certain time, Gradinarsk and Jariemark (2004) first uti-
lized the Kalman filter method in water vapor tomography,
and Jiang et al. (2013) and Rohm et al. (2014) successively
proposed the adaptive Kalman filter and the robust Kalman
filter for the water vapor tomography, respectively. They
need to initialize the filter and provide initial covariance
for the state equation which depends on external data. On
the other hand, Bender et al. (2011) proposed an iterative
algorithm based on algebraic reconstruction to avoid the
inversion of sparse matrix, He et al. (2015) discussed the
performances of the ART, MART and SIRT in water vapor
tomography. Then also improved iterative algorithms were
developed, such as the parallel algebraic reconstruction and
the adaptive simultaneous iterative reconstruction (Sa et al.
2021; Zhang et al. 2020b). These iterative algorithms often
only iteratively update water vapor on some voxels, and the
accuracy of the tomographic results largely depends on the
accuracy of the initial values. In addition, Haji-Aghajany et
al. (2020) utilized the function-based water vapor tomogra-
phy based on B-spline function; The compressive sensing
reconstruction (Heublein et al. 2019), the optimization algo-
rithm (Yang et al. 2020a) and the artificial neural network
algorithm (Razin and Voosoghi 2020) have also been tried
to improve the ill-posed problem for the GNSS water vapor
tomography.

The above three types of methods not only have their
own inherent shortcomings, but also have the problem of
discretization parameter redundancy in the water vapor
tomographic model. This relates to the fact that voxels that
are not passed by signals still participate in establishing the
tomographic model. These redundant parameters do not
have any connection with the GNSS observations, which
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is the fundamental cause of the ill-posed problem in GNSS
water vapor tomography. While existing methods attempt
to mitigate the symptoms (e.g., by adding data or applying
generic constraints), they do not directly address this root
cause. Therefore, to fundamentally solve the ill-posed prob-
lem, this paper proposed an optimal method for GNSS water
vapor tomography based on parameter adaptation. The con-
ventional water vapor tomographic model is enhanced by
introducing the minimum probability factor that indicates
the likelihood of voxels being penetrated by signals. By
iteratively analyzing the tomographic coefficient matrix, the
number and location of redundant parameters in the tomo-
graphic observation equation are determined. Subsequently,
an optimal tomographic model is constructed by adaptively
eliminating zero elements from the coefficient matrix and
removing redundant parameters. This approach directly tar-
gets and eliminates the source of the ill-posedness, setting it
apart from previous strategies.

To estimate the water vapor content of all voxels, a
Laplace smoothing equation that reflects the relationship
between redundant parameters and solved parameters is
constructed and calculated using the least squares method.

Methodology
Troposphere estimation
The observation in water vapor tomography is SWV, which

can be converted from the slant wet delay (SWD) using the
following formula (Bevis et al. 1992; Wang et al. 2025):

SWV =l x SWD =

6
10 x SWD, 1)
Puw X Ti (*7]3; + kg — T x kl)

mq

where II refers to a conversion factor, p,, denotes the liquid
water density,, m,, and mg are the molar mass of the wet and
dry atmosphere, respectively. ki, ko, ks are the empirical
physical constants and R represents the universal gas con-
stant. T;,, indicates the weighted mean temperature, which
can be calculated using the surface temperature (Bevis et al.
1992; Yang et al. 2022). SWD can be obtained by mapping
the wet delay gradients and the zenith wet delay (ZWD)
into the slant direction based on the formula expressed as
follows:

SWD =f (ele) x ZWD
+ f (ele) x cot (ele) 2)
x (Gyg X cos (azi) + Gy g X sin (azi)),

where azi and ele denote the satellite azimuth and elevation,
respectively. findicates the wet mapping function, G ¢ and
Gy are the wet delay gradient parameters in the north-
south and east-west direction, respectively. Affected by
water vapor along the signal ray, ZWD represents the zenith
wet delay which is the wet component of the zenith total
delay (ZTD) (Yang et al. 2021; Li et al. 2024). As the pri-
mary parameter retrieved from GNSS data processing, ZTD
is utilized to achieve ZWD by subtracting the zenith hydro-
static delay (ZHD) from it (Li et al. 2025). The ZHD can be
accurately calculated, e.g. by means of the Saastamoinen
model as follows (Saastamoinen 1972; Huang et al. 2023):

0.002277 x P

ZHD =
1 —0.00266 x cos (2¢) — 0.00028 x H’ 3)

where P denotes the surface pressure, ¢ and H refer to the
latitude and geodetic height of the site, respectively.

The proposed water vapor tomographic method

The initial observation equations of the water vapor tomog-
raphy can be established using the SWV calculated by (1)
and the intercepts of the signal rays in each voxel. Unlike
the traditional method which directly solves the full tomo-
graphic observation equations containing numerous redun-
dant parameters via least squares, the proposed method
introduces a parameter adaptation process. Specifically, the
minimum probability factor of voxels being penetrated by
signals is employed to loop traverse the coefficient matrix of
the tomographic observation equations, thereby determin-
ing the number and position of the redundant parameters
and establishing the optimal tomographic observation equa-
tions. By using a Laplace smoothing equation that reflects
the relationship between redundant parameters and solved
parameters, the water vapor of all voxels could be achieved
using the least squares method. The specific steps involved
in this process can be expressed as follows:

(1) The research area is divided into voxels according to
the number and distribution of the GNSS sites. The SWV
corresponded to the GNSS signals passing through the top
layer during the tomographic period is calculated as well as
the intercept of the signals in the corresponding voxel.

(2) The initial observation equations are constructed
using the SWV and the intercepts as follows:

at al - al x1 SWV;
ai a3 -+ a? T2 | SWVs @
ay d, - d, Ty SWV,
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where a!, represents the intercept of the /-t satellite sig-
nal passing through the n-th voxel, forming the coefficient
matrix of the tomographic model. x,, refers to the water
vapor density of n-th voxel, which are the parameters to be
solved.

(3) The minimum probability factor of voxels being pen-
etrated by signals is calculated by the following formula:

B=s/n )

where s and n denote the number of vertical voxels and the
total number of voxels in the tomographic model, respec-
tively. This factor serves as a data-driven threshold to iden-
tify voxels with insufficient ray coverage, ensuring that
only parameters with meaningful observational support are
retained in the model.

(4) The coefficient matrix is traversed and the proportion
of the non-zero elements in each column is counted. The
proportion of each column is then compared with the mini-
mum probability factor. If the proportional value is large,
the corresponding column vector is retained in the coeffi-
cient matrix; otherwise, the column vector is removed. Then
the deleted column vectors are traversed to identify the posi-
tions with a value of 1. These positions correspond to rows
in the coefficient matrix that should be eliminated, resulting
in the formation of a new coefficient matrix.

(5) The aforementioned steps are repeated iteratively to
ensure that the proportion of non-zero elements in each col-
umn of the coefficient matrix satisfies the criterion of being
greater than the minimum probability factor. Based on the
results of the coefficient matrix traversal mentioned above,
the redundant parameters are adaptively eliminated. The
optimal tomographic model is established as follows:

1 1 1
a/2€1 a12€2 e aIZCm T SWVy
ag, ag, ‘v ap T2 SWV,
. = (6)
J | x SWV;
a, Gy, ay, km J

where aim refers to the intercept of the j-th satellite signal

passing through the £, -th voxel. Note that &, is smaller than
n andj is smaller than /. Based on the positions between the

(a) (b) (©)

X0

X0 X0

Fig. 1 Three examples of relationship between the voxels in the same
horizontal layer
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voxels corresponding to the estimated parameters in (6), the
corresponding vertical weighted relationship is constructed
as follows:

(hkm—hi) .
e / .~xk,m—xi20 (7)

where hy,, and h; refer to the height of the two voxels, and
H, is the water vapor scale height (Hao et al. 2025). H, is
derived from historical radiosonde or reanalysis data and
represents the typical vertical decay scale of atmospheric
water vapor, providing a physically meaningful constraint
for the vertical relationship between voxels. Note that zy,,
and x; are the parameters to be estimated in (6), and they are
the closest voxels located in the same latitude and longitude
region.

(6)The water vapor tomographic model, refined through
the elimination of redundant parameters, is solved using the
least squares method. Not that the algorithm described in
the relevant literature is employed to determine the optimal
weights for different satellite systems and different observa-
tions within the same systems (Guo et al. 2016; Zhao et al.
2018).

(7) The voxels appear three positional relationships in the
same horizontal layer, as shown in Fig. 1, and their water
vapor density can be expressed by a smoothing factor g
which can be modelled according to Eq. (8). In practice, the
smoothing factor ¢ is determined by analyzing the spatial
correlation of water vapor density in meteorological reanal-
ysis data over the study region. This establishes the Laplace
smoothing equation, which imposes a soft constraint assum-
ing horizontal homogeneity of water vapor where direct
observations are lacking.

1+ 22+ 23+ 24+ 25 —qrog =0 (8)
1+ 2 + 23 —qro =0

{ T1+ T2+ 23+ 24+ 5+ 26+ 27+ 28 —qrg =0

where x refers to the water vapor density of the correspond-
ing voxel. All the voxels solved in Eq. (6) are traversed.
If any of these solved voxels have neighboring voxels cor-
responding to redundant parameters, historical data from
meteorological reanalysis is utilized to determine an appro-
priate smoothing factor for these voxels. Then the solved
parameter obtained in Eq. (6) is substituted into the fitting
formulas derived from historical data. This substitution gen-
erates a Laplace equation, which involves partial redundant
parameters. These partial redundant parameters can be esti-
mated by applying the least squares method.

(8) The redundant parameters solved in the previous
step are considered as new solved parameters. The pro-
cess described in step (7) is repeated iteratively until all the
redundant parameters have been resolved.
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Fig. 2 Distribution of GNSS
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Experiment and analysis
Experiment description

To assess the performance of the proposed method, Hong
Kong was selected as the research area to conduct the
experiment. The area covers the longitude from 113.87°E
to 114.35°E, the latitude from 22.19°N to 22.54°N and the
altitude from 0 to 8 km, which contains the Hong Kong sat-
ellite Positioning Reference Station Network (SatRef). The
research area is divided into 560 voxels, arranged in 8*7
voxel in the horizontal direction and consisting of 10 layers
in the vertical direction. As shown in Figs. 2 and 3 GNSS
sites represented by blue circles were utilized in the tomo-
graphic model to provide SWV values, and another GNSS
site represented by a red pentagon and a radiosonde station
represented by a green pentagram were adopted to assess
the tomographic results.

The GAMIT 10.71 software was utilized to process the
GNSS observation data, in which a double-differenced
model was adopted to estimate the tropospheric parameters
including ZTD and gradient parameters. Note that three
International GNSS Service (IGS) stations (LHAZ, JFNG
and URUM) were incorporated into the data processing to
weaken the strong correlation of tropospheric parameters
caused by the short baseline between GNSS receivers in
the tomographic region. The sampling rate of the obser-
vations and the cut-off elevation angle were 30 s and 10°,
respectively. The clock and orbit products from Center for
Orbit Determination in Europe (CODE) were adopted. The

Longitude (°E)

BASELINE and LC_AUTCLN modes were selected as the
processing strategies, indicating that orbital parameters were
fixed and the ionosphere-free linear combination of GNSS
observations were processed, respectively. The GNSS data
from a one-month period, specifically from Doy of Year
(DOY) 213 to 243 in 2022, were processed to conduct the
water vapor tomography. Each tomographic solution cov-
ered a time period of 0.5 h. In this experiment, directly per-
forming the least squares calculation on the tomographic
equation constructed by (4) and corresponding constraints is

ol +
|
! +
' T
‘o |
"2l Q@3 ! |
2 Q2 |
S Q1
° : I
30t | :
12 : 0
% +
i +
2+
+

Traditional method  Proposed method

Fig.3 Boxplots of the WVD residuals for the two methods
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regarded as the traditional method. This approach represents
the common foundational strategy used in many existing
studies to handle the ill-posed problem, where the solution
is sought for the full model despite its inherent deficiencies.
Then the traditional method and the proposed method were
utilized to conduct the water vapor tomography, and the
estimated water vapor density obtained from each method
were compared and analyzed.

Analysis of the ill condition

Figure 4(a) depicts a grayscale graph illustrating the voxels
crossed by the SWV and the number of signal rays pass-
ing through each voxel in a tomographic solution at 12:00
UTC on DOY 213, in which the deepening of the grayscale
represents an increase in the number of signal rays penetrat-
ing the voxel. In the lower layers closer to the ground, a
significant number of voxels are not crossed by any signal
rays, representing the first type of redundant parameters in
water vapor tomography. In the upper layers, there are fewer
voxels without SWV penetration, but many voxels have a
lighter grayscale, indicating a lower number of signal rays
passing through. To address this, the minimum probability
factor from relevant literature was introduced to identify
voxels with insufficient SWV penetration, which constitute
the second type of redundant parameters in water vapor
tomography. Figure 4(b) displays the distribution of these
voxels, highlighting that a considerable number of voxels
lack adequate signal ray penetration in both the lower and
upper layers.

The situations mentioned-above in different layers were
counted and plotted in Fig. 5 for the whole experiments,
in which the upper panel denotes the number of voxels
crossed by SWV in each layer, and the lower panel refers

40 80 120 160

3rd layer 4th layer

ayer

3rd layer

4th layer

Fig.4 Grayscale graph of number of signal rays penetrated each voxel
and distribution of voxel with sufficient signal rays
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to the number of voxels penetrated by sufficient SWV after
applying the minimum probability. It is consistent with the
results shown in Fig. 4, indicating that both types of redun-
dant parameters decrease with the increase of layers. The
average values of the redundant parameters are 38 and 10
for the first and 10th layer, respectively. In addition, the
average value of the redundant parameters is 218 for the
tomographic solutions during the experiment.

Validation of the slant water vapor

The SWV values at each site were calculated using the water
vapor densities obtained from tomography and the distance
of the signal rays passing through each voxel by (4), which
is called as tomography-computed SWYV. Then the GAMIT-
estimated SWV was regarded as a reference to assess the
SWV computed by the two methods. Figure 6 denotes the
internal accuracy testing, meaning that the SWV values of
the 10 GNSS sites used in the tomographic modelling were
adopted. The blue and red dots refer to the proposed and
traditional method, and it shows the change of tomography-
computed vs. GAMIT-estimated SWV residuals with eleva-
tion angle. It is observed that the SWV differences increase
as the elevation angle decreases for both methods. This is
expected, as lower-elevation signals traverse longer and
more complex paths through the atmosphere, accumulating
more error and encountering greater heterogeneity in water
vapor distribution. The root mean square error (RMSE) is
1.83 mm and the mean absolute error (MAE) is 0.92 mm for
the traditional method, while RMSE and MAE values for
the proposed method are 1.25 and 0.70 mm with approxi-
mately 31.7% and 23.9% improvements, respectively. The
greater improvement at lower elevations can be seen in the
figure, which suggests that the proposed method by elimi-
nating unreliable parameters is effective in handling the
complex signal paths where traditional methods struggle.
For the proposed method, more than 93.5% of the SWV
residual are located in the range of -2.0 to 2.0 mm, while
the percentage was 88.2% for the traditional method. These
percentages increase to 99.1% and 97.6% for the proposed
and traditional methods when the range is expanded to -5.0
to 5.0 mm.

The tomography-computed SWV were mapped back to
the zenith direction and their differences with the GAMIT-
estimated SWV were calculated to normalize the SWV
residuals. Figure 7 shows the statistical results of the residu-
als in the zenith direction at each GNSS site. It can be seen
that the RMSE and MAE of the proposed method are bet-
ter than those of the traditional method at each GNSS site.
For the proposed method, the maximum and minimum
RMSE/MAE are 0.94/ 0.67 and 0.33/0.19 mm, respectively,
whereas these values are 1.30/0.84 and 0.59/0.34 for the
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Fig. 5 The number of voxels penetrated by signal rays (upper) and sufficient signal rays in each layer during the experimental period

traditional method. The median of RMSE and MAE are dis-
played for 10 GNSS sites to highlight difference among the
sites and the methods. Specifically, the median values are
0.63 and 0.41 for the proposed method which outperform
the traditional method denoting values of 0.88 and 0.59 mm.
Furthermore, the external accuracy testing was performed
using data from the HKSC site, which was not included in
the tomographic modeling. Figure 8 shows the histogram
for RMSE of SWYV residuals (differences between the
tomography-computed SWV and GAMIT-estimated SWV),
in which the red and blue bars represent the traditional and
proposed method, respectively. It is observed that all RMSE
values are below 20 mm, with the value lower for the pro-
posed method than for the traditional method at each day.
The average values are 12.17 and 9.81 mm, respectively.
To further assess external accuracy, the SWV at HKSC
site were grouped into individual elevation bins of 5, i.e.,
all SWVs with an elevation angle between 15 and 20° were
evaluated as a single unit. Then the RMSE of each eleva-
tion bin was calculated, and the normalized RMSE was also
computed to examine the dependence of relative errors in
SWYV on different elevations, which were shown in Fig. 9.
It can be seen from the upper panel that the RMSE of SWV
residuals decreases as the increasing elevation angle, which
is consistent with the trend already shown in Fig. 6. The
colors indicate a smaller RMSE and normalized RMSE can

be achieved by the proposed method than with the tradi-
tional method in each elevation bin. Note that the normal-
ized RMSE remain almost constant over all elevation angle
for the two methods. The proposed method dilivers an aver-
age RMSE and normalized RMSE of 10.9 mm and 8.2%,
performs better than the traditional method which exhibits
average values of 13.2 mm and 10%, respectively.

Comparison with radiosonde data

The radiosonde data is well suited to assess the accuracy of
the water vapor tomographic results, as it provides accurate
water vapor density profiles. In this section, the water vapor
density derived from the radiosonde at site 45,004 is utilized
as reference to conduct the comparisons with the results of
the two tomographic methods. Figure 10 shows the changes
in water vapor density with altitudes for six selected tomo-
graphic solutions, obtained from derived from the tradi-
tional and proposed tomographic methods. In both methods,
the water vapor density profiles exhibit a decreasing trend
with increasing altitude. The profiles derived from the pro-
posed method, depicted by the blue lines, demonstrate bet-
ter consistency with the reference data obtained from the
radiosonde. Specifically, the proposed method more accu-
rately captures the steep decrease in water vapor density in
the lower boundary layer and shows less oscillation in the
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Fig.6 Scatter diagram of the
SWYV residuals for the two meth-
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mid-troposphere, indicating a more physically realistic and
stable reconstruction.

To further evaluate the tomographic results using
the radiosonde data, the water vapor density residuals
between the reference value and those obtained from the
two tomographic methods were calculated for each day of
the experimental period. Figure 3 presents the statistical

@ Springer

characteristics of these residuals using boxplots, where Q1
and Q3 represent the first and third quartiles, respectively,
and Q2 denotes the second quartile located within the box.
It can be seen that the proposed method exhibits a smaller
range of bounds and box length (the range from Q1 to Q3)
compared to the traditional method. This suggests that the
proposed method yields a more favorable distributions of
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Fig. 8 Histogram for RMSE of
SWYV residuals for the HKSC
station during the experimental
period

Fig. 9 Comparison of RMSE and
normalized RMSE for the HKSC
station in each elevation bin
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Fig. 10 Change in water vapor ’
density with altitude for radio-

e Radiosonde

Tradtional method

Proposed method

sonde data and the two methods
in six selected tomographic
solutions

Table 1 RMSE and MAE values of the water vapor density from the
two methods at different layers using radiosonde as references (values
in g/m®)

Layers Proposed method Traditional method
RMSE MAE RMSE MAE
1 1.69 1.56 2.18 2.09
2 1.52 1.33 1.94 1.85
3 1.39 1.27 1.91 1.78
4 1.38 1.21 1.88 1.81
5 1.31 1.14 1.72 1.65
6 1.31 1.06 1.56 1.41
7 1.10 0.96 1.29 1.14
8 1.08 0.91 1.20 1.07
9 0.96 0.84 1.09 0.99
10 0.77 0.65 0.89 0.83
Average value 1.25 1.09 1.57 1.46

WVD residual than the traditional method. For the tradi-
tional method, the values of Q1, Q2 and Q3 are 0.76, 1.39
and 1.97 g/m>, while these values are 0.60, 1.07 and 1.54 g/
m? for the proposed method. The upper and lower bounds
show that the majority of residuals are concentrated in the
range of -0.81 to 2.95 g/m> for the proposed method and
—1.07 to 3.80 g/m® in the traditional method. The tighter
distribution and lower median of the residuals from the

@ Springer
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proposed method confirm its superior accuracy and reliabil-
ity in estimating the 3D water vapor field.

Moreover, the difference in the WVD at different layers
were computed for the two methods using the radiosonde
data as references. The statistics including RMSE and MAE
are listed in Table 1. It is observed that the proposed method
outperforms the traditional method in each heigh layer,
exhibiting lower RMSE and MAE values. For the proposed
method, the mean RMSE and MAE values are 1.25 g/m’
and 1.09 g/m’, respectively, while the corresponding values
are 1.57 g/m> and 1.46 g/m? for the traditional method. The
improvement is most pronounced in the lower layers (1-4),
where water vapor concentration is highest and most vari-
able. This demonstrates the method’s enhanced capability to
resolve the complex vertical structure of humidity, which is
critical for meteorological applications.

Conclusion

An optimal method for water vapor tomography was pro-
posed to estimate the three-dimensional water vapor density
accurately, which is based on the parameter adaptation. In
contrast to the traditional method which solves the complete
tomographic equations containing redundant parameters,
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the proposed method introduced the minimum probability
factor of voxels being penetrated by signals, determined
the number and position of the redundant parameters in the
tomographic observation equation by iterating the tomo-
graphic coefficient matrix, and established the optimal
tomographic model by eliminating the zero elements of the
coefficient matrix and the redundant parameters. Then the
water vapor density of all voxels was achieved by construct-
ing a Laplace smoothing equation. This proposed method
directly tackles the root cause of the ill-posed problem in
water vapor tomography—discretization parameter redun-
dancy—setting it apart from the traditional least-squares
methods that rely on external data or constraints applied to
an unoptimized model.

The GNSS data collected over HONG KONG from
August 1, 2022 to August 31, 2022 were utilized to conduct
the water vapor tomographic experiments to validate the pro-
posed method. The redundant parameters in the traditional
tomographic model were discussed and analyzed by the
grayscale graph. In a comparison between the tomography-
computed SWV and GAMIT-estimated SWV, the RMSE
and MAE of the proposed method are 1.25 and 0.70 mm,
outperforming the traditional method with an improvement
of 31.7% and 23.9%, respectively. For the external accuracy
testing using the HKSC site, the average RMSE and nor-
malized RMSE are the indicators of concern, these values
are 10.9 mm and 8.2%, and 13.2 mm and 10% for the pro-
posed and traditional method, respectively. Moreover, the
tomographic results achieved using the proposed method
exhibited a better consistency with the water vapor profiles
derived from the radiosonde data. Specifically, the proposed
method achieved a mean RMSE and MEA values of 1.25 g/
m? and 1.09 g/m’, respectively, indicating improvements
of approximately 20.4% and 25.3% compared to the tradi-
tional method.

The validation conducted in this study was performed
under predominantly stable atmospheric conditions, and its
performance remains to be assessed during intense meteo-
rological events, such as typhoons or severe convective
systems. Such evaluation is crucial to verify the method’s
capability in resolving the rapid, multi-scale dynamics of
water vapor that drive high-impact weather, which is both
the current limitation of this article and the direction for
future research. In summary, the practical implications of
this work are significant for the field of GNSS meteorol-
ogy. The ability to retrieve more accurate and reliable water
vapor distributions with high spatiotemporal resolution can
greatly benefit Numerical Weather Prediction (NWP) by
providing improved initial moisture fields for model assimi-
lation. Furthermore, this detailed 3D information is crucial
for understanding and nowecasting the initiation and evolu-
tion of convective weather systems, studying atmospheric

river events, and quantifying vertical moisture transport.
The proposed method represents a valuable step towards
operational GNSS meteorology applications.
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